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Abstract 

We calculate the potential between bound states of D-branes of different 
dimension in IIB matrix model upto one loop order and find nice agreement 
with the open string calculations in short and large distance limit. We also 
consider the scattering of bound states of D-branes, calculate the scattering 
phase shift and analyze the effective potential in different limits. 
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I. INTRODUCTION 



Recently, a non-perturbative formulation (matrix theory) M has been proposed for the 
M-theory at infinite momentum frame. Making use of the fact, that at infinite momentum 
frame all other degrees of freedom with finite momentum get decoupled, the M-theory has 
been shown to be described by that of a system of large number of D-particles. The theory 
is given by a large- N super Yang-Mills (SYM) theory in (0 + 1) dimension. A number of 
issues have been tested such as supergraviton spectrum, D-brane interaction and various 
kinds of compactifications JTJ-0. 

This model has inspired another large- iV super Yang-Mills theory in (0 + 0) dimension 
H which is proposed to describe the non perturbative physics of type IIB string. It has its 
origin in the fact that a large- N reduced SYM theory describes string at a proper double 
scaling limit ||. However, a closer look reveals that this is the theory of D-instanton (apart 
from a chemical potential term in the action) and one can use a similar infinite momentum 
frame argument to arrive at this theory flOf . This theory, by compactification on one circle 
and a subsequent wick rotation leads to the BFSS matrix model M. The massless spectrum 



and the light-cone string theory can be recovered from this model [|8|,[9|JTT[ . 

In this paper, we shall study the interaction of the D-branes in the latter formulation 
which, among other things, serves as a consistency check for the type IIB matrix theory and 
helps to understand the relation between these two matrix theories. 

The D-branes are the BPS states of the string theory which couple to the RR fields. 
Usually a p D-brane couple to a (p+1) form potential. By virtue of the interaction term 
fC A tr(e^ F '), a p-brane with electro- magnetic field turned on in its world volume can 
interact with a brane of lower dimension and thus can form a non-threshold bound states 
0. These composite objects with large electric or magnetic field turned on in its world 
volume, i.e. a D-brane coupled to a large number of lower dimensional D-branes, come out 
naturally in the matrix theory as the classical solutions of the equation of motion. So from 
Matrix theory one can study the interactions between these D-branes. Since the Matrix 
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theory describes the interaction mediated through the open string, it should reproduce the 
short distance behavior. Further, due to the presence of a large number of lower dimensional 
D-branes it should also reproduce the long distance limit. 

In the BFSS theory , the interaction among D-branes has been studied in one loop order 
of the matrix theory leading to a satisfactory agreement with the open string calculation 
upto one loop both at short and long distance limit f^-[7|. In the IKKT theory ||, the long 
distance limit of the interaction potential for some configurations breaking half of the SUSY, 
has been compared with the result obtained from the Born-Infeld action and nice agreement 



has been reached [13|]. The short distance limit has also been analyzed in |14] , |15| but the 
lower dimensional branes have not been considered. 

Here we shall study the potential and the scattering phase shift from the IIB matrix 
theory and compare the results with those obtained from the open and the closed string 
calculations. 

The plan of this paper is as follows. In the next section we will discuss some preliminaries 
concerning the IKKT model. Then in the two following sections the potential energy and 
the scattering between two D-branes of odd dimensions will be discussed. Finally we will 
conclude discussing our results and possible further extensions. 



II. PRELIMINARY 

In this section, we describe the necessary preliminaries required for the study of interac- 
tion among D-branes in the type IIB matrix model || . Let us start with the action which is 
obtained by reduction of ten dimensional Euclidean SYM theory with SU (N) gauge group 
reduced to zero dimension. 

S = a{~Tr[A„ A v f - ±Tr(^[A„ V])} + PN (2.1) 

where and ip are gauge fields in the SU(N) adjoint and so we can consider them to be 
N x N Hermitian matrices. The parameter N is considered to be a dynamical variable, a 
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and (3 are related to the string coupling. The third term implies that the sum over N in 
partition function should be taken with the weight factor e~^ N . Later the sum over N is 
replaced by a double scaling limit [[|. 

This action can be viewed either as obtained from type IIB theory by taking the Schield 
gauge |5| or as the action for N D-instantons [It| apart from the last term. It has the 



manifest Lorentz invariance and N = 2 supersymmetry. The SUSY transformations are 
given by 

8®Ap = el>, 8®A„ = 0. (2.2) 

The equation of motion is given by 

[A»,[A„A v \\=o [A„ (FV)a] = (2.3) 

The solution of the equation of motion correspond to non-perturbative states in IIB theory. 
In particular, those cases for which [A^, A u ] = c — number, are interesting as they preserve 
half of the supersymmetry and are interpreted as BPS states. The odd p-branes, being BPS 
states in type IIB theory, are associated with this type of solutions. 
So a plausible choice for the p-D-brane solution is 

A* = Bp, for 0<i2<p } ^ = 

A c l = otherwise (2.4) 

where B^s are the N x N Hermitian matrices satisfying [B a , Bb] = —ic a bl, and a, b — 0, • • -p 
with c a b is a c number. 

A consistent supersymmetry algebra is yet to be constructed (an attempt was made in 
1171 ) but the central charge of a p-brane can be taken as QJO-O 



Zix,-ip — [Aqi A^] [A i2 ,A i3 ] ■■■ [Ai^jAiJ (2.5) 

which is consistent with this solution. But this means that the p-branes contain non zero 
electric or magnetic flux and so it actually correspond to a large number of lower dimensional 
branes coupled to it. 



In general, this solutions represent D-branes of infinite extension. However, we would 
like to deal with finite ones for the time being. So we wrap the p-brane on a torus of 
dimensions Lj. For the sake of convenience of the calculation, let us make use of the Lorentz 
transformation to cast the c a b in a block diagonal form with eigen values oVs . Then the 
eigenvalues, related to L, by the relation 

L 2 i-2L 2 i-i , , 

= ^ ( 2 - 6 ) 

represents the amount of flux linked with the respective planes. 

At the end of the calculation we will take the infinite limit for the Lj's and iVj keeping cUj 
finite. So we can consider the B^s to be Hermitian operator on some Hilbert space and the 
matrix index can be taken to be continuous. Further, we, use the Schrodinger representation 
for the Hilbert space operators Bi and write 

B 2i -2 = iuJidi] B 2i -i = qi i, j = 1, 2 • • • (2.7) 

where di = d/dqi and represent conjugate operators on the Hilbert space. Finite values 
of Lj's imply that the eigenvalues of qi are distributed in [— -y, ^ 2 \- 

We will consider the interaction between p-branes upto one loop. Summing over the 
fluctuations and considering only the quadratic terms, the one loop effective action of the 
matrix model can be written in a compact form || 

W = ±Tr\n(P% u - 2iF, v - ±Tr ln(P 2 + l -F^)^-^-) - Tr\n(P 2 ) (2.8) 

where P M and F^ u are operators acting on the space of Hermitian matrices and are defined 
by 

P,X = [A% X], F, U X = i[[A% A% X] (2.9) 

In other words and F^ y are the adjoint representation of A^ and F^ v respectively. 

Here we will restrict ourselves to the one loop order. We will get the classical solution 
corresponding to the configuration and obtain the effective action from Q2.8| ). This analysis 
can be extended to higher loop orders but that will involve |T?J explicit Feynman diagrams 
and the effective action will be much more complicated. 



III. POTENTIAL BETWEEN BRANES 



In this section we will consider the potential between two branes of dimensions p and q 
respectively. A configuration of two parallel branes of same dimension is known to saturate 
the BPS limit and so the potential is zero. For p ^ q in the generic case it breaks the 
supersymmetry and so the potential is nonzero. All these have been investigated by usual 
D-brane analysis [|I!|[17],|]1| . However, in matrix model, instead of getting pure D-branes 
, the classical solutions represent D-branes with electric and magnetic fluxes turned on in 
its world volume, which, as stated earlier, represent configurations of D-branes of different 
dimensions @J^,0] . Our aim is to carry out similar kind of investigation in the IIB matrix 
model framework. 

We shall consider the two brane configuration as the classical solution of the equations 



of motion ( |2.3| ). Then we will sum over all fluctuations around it upto one loop order using 
Q2.9| ) and get the interaction potential as described in Ref. ||. 

Let us start with the two branes of p and q dimensions parallel to the X 1 ' " p and X 1 ' " q 
planes and place them at a distance ±6/2 along X q+1 respectively. 
The classical configuration is given by, 

\ 
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for < i < p; A{ 
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for p + 1 < i < q; 



A 



9+1 



1 
-1 



Ai = for % > q + 1, 



(3.1) 



where B^s are the Hermitian operators on Hilbert spaces mentioned earlier. 

So the B's in the Scrodinger representation are given by B 2l -2 = ioodi , B 2 i-\ = qi for 
1 < i < I with the value of u is given by (|2.6|). 



In order to get the potential we have to sum over the fluctuations using ( |2.8| ) around this 
classical solution ( |3.1| ). The first thing we need is the adjoint representation of the operators 
corresponding to A^ given by the action on an arbitrary Hermitian matrix according to the 
(|2.9|). This is given by 
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(3.2) 



where each entry is an infinite dimensional matrix e.g. X = X(q ' , g ) and also Pi = 
iuidi5{q\ — q 2 — 1), q\ = q 1 S(q\ — qf) etc. are infinite dimensional matrices. 

The adjoint representation of the F^ v can be obtained by using Q2.9Q from which we 



matrices of the form 



see that the only i+1 components have non-trivial actions. Further they act only on the 

V o y\ 

which correspond to a non-zero eigenvalue. The eigenvalues 



yt 



are uji with k < i < I. 

Similarly the eigenvalues of P 2 can be obtained as 

E = 2j:(p 2 + q 2 ) + j:(p 2 + ql 
1=1 fc+1 



(3.3) 



where [p,, qj] = —iuJiSij and other commutators are vanishing. It looks like Hamiltonian of 
k free particles and / — k oscillators. 

Collecting all these three we get the interaction potential from the (|2.8|) . After Simplifi- 
cation it becomes 

1 A 

W = - ^ Tr ln(£ - 2a*) + Tr h\{E + 2a;) - 2 2 ~ A J2 Tr H a i^i) + (4 - A) In £ (3.4) 

2 1 {M 

where Aj = ±1 , A = I — k and a; = cj^+j. 

In order to compare this with the existing result it is better to write the potential in the 
form of a proper time integral. Using the identity |14| . 



In a 



ds 

— exp (—sa) 

s 



(3.5) 



we can write the potential as 



W = J ^-Tre~ sE 1^2 cosh(2s^) - 4 J[ cosh(s^) + (4 - A) 



(3.6) 



where E is given by ( |3.3| ). 

The trace can be evaluated in a straightforward manner and is given by 



N 2k 



I 



Tre- sE = - -( — ) k exp-b 2 s \J (2sinh^s)- 1 (3.7) 

L ---L p 2s i=k+1 

Using this we can get 

w = c A 1 f ds b2 Ti gU+i cosh(2stj i ) - 4 U l k +i cosh(s^) + 4 - A 

P M \27rui\ 2 J s Pl ){ 2s ' nU+i2sinh(^s) 

(3.8) 



where C p is the volume of the hyperplane which is common to both the branes. 

Note that this expression is almost identical to the expression of the phase shift obtained 
in the scattering of D-particle and 4-branes in |7| . Only difference is that they consider the 
scattering while here we are considering the static potential. This confirms the T-duality 
between the two matrix models. 

As mentioned earlier this represents the potential between p and g-branes with stack of 
lower dimensional branes attached to these. In order to compare this with the result obtained 
from open string calculation upto one loop we consider the specific brane configurations. 

For the sake of brevity let us consider the 3-brane and 1-brane configuration. So we 
put q = 3 and p = 1. The 3-brane has a magnetic field turned on in its world volume 
on the X 23 plane with strength J C23 F = U2- Besides, both the 3 and the 1-brane has an 
electric field in their world volume with f c F = u)\. So the 3-brane, considered in this 
matrix model actually represents a bound state of a 3-brane, D-strings along the X 1 
and l^j 1 D-instantons and similarly the 1-brane represents a bound state of a 1-brane with 
D-instantons. 

In this case the potential is reduced to 

1 r v cosh(2su; 2 ) - 4 cosh( g a; 2 ) + 3 

|27rc;i| 2 i s FV ' y 2s' 2sinh(cj 2 s) v ; 

Note that the contribution from the common field always comes through the free particle 

term in the P 2 eigenvalue ( |3.3p and so always gives rise to an overall factor . The tachyonic 

instability [|l9[],like that in the BFSS model is also present for very small separation. 



S 



We consider the potential for the above configuration already calculated from open string 
theory upto one loop. A 3-brane with electric field F\ along X 1 and a magnetic field F 2 
along X 23 plane interacts with a 1-brane with the same electric field in its world volume 
through the term / C A tr(e^iF)) . 

The potential is given by 



where B and J are the contribution from the bosonic and the fermionic term respectively 
and the prefactor takes care of the common electric field. Also we have taken a' = j-. 
B and J are given by 

B = 

J = (-/ 2 4 e 2 (ie S ) + fle 3 (ies) + ftQ^ies)) (3.11) 

where e is related to the magnetic field by tan(7re) = F 2 

The matrix model describes the interaction through the open string and so let us consider 
the short distance limit of this potential. 

If we write = f — nui where tan(7rej) = Fj and consider the contribution of the massless 
modes only the in the limit of large fields i. e. small u the potential can be written as 

|27rwi| 2 i s PV ' y 2s' 2sinh(cj 2 s) v ; 

which is precisely the result obtained from the matrix model. 

The comparison also makes it clear that, at least at the short distance limit, the bosonic 
contribution comes from the tre~ sE term while the (— 1) F of the R sector contribution comes 
from the second term in the braces of ( |3.6| ). It is interesting that how the latter will flip sign 
in the case of the brane-antibrane potential. 

We can now calculate the long range potential from the matrix model calculation for p, 
g-branes and compare with that obtained in string theoretic calculation. A straightforward 
approximation for the large value of b in the expression for potential in ( |3.8| ) leads to the 
expression 



7T 



r(4 - /)6 2 '- 8 = 7(6) (3.13) 



2 2"nU^ 
Now we will see how this potential depends on b for the specific cases . 

For 1-brane and 3-brane interaction, V{b) = ^-phgt which is a repulsive potential. Simi- 
larly for the case of 3-brane and 5-brane interaction , V(b) = \ „>} h4 . Something interesting 

{ 2 2 \2 

happens for the interaction between 1-brane and 5-brane. In that case V(b) = - 

7T 3 ( F 23~ F i5) 



= T4 f 3 3 • and the potential vanishes for F 2 z = F45. This is because when the 

P 23 P ±5 

magnetic fields in the X 23 and X 34 planes are equal the configuration becomes a BPS state 
and so there is no force between them. 

Other D-brane bound states can be analysed in a similar manner and those also lead 
to a similar kind of agreement. Also one can consider the D-branes oriented orthogonally 
to each other. Further all these results also match with those obtained from BFSS model 
which is an evidence for the duality between the matrix theories. 



IV. SCATTERING OF BRANES 



In this section, we will consider the interaction between two moving branes of different 
dimensions. Again such a configuration is not a BPS state and breaks the supersymmetry. 
We will calculate the phase shift of one brane (of lower dimension) while passing by the 
other in an eikonal approximation 0,0] in the matrix model and then compare with the 



results obtained by D-brane technique [[17,18 



Let us consider two branes of dimension p and q parallel to the X 1 ' p and X 1 ' " q hyper- 
planes moving parallel to X q+1 with a relative velocity v at a relative separation b along 
X q+2 axis. The classical solutions corresponding to this configuration can easily be obtained 
by boosting the static solutions. 



These solutions are: 
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, for p < i < q A q+1 

\ 
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B sinh e 





B sinh e 



A; = for i > q + 3. 



(4.1) 



where B^s have the usual meaning mentioned earlier, v = tanhe and e is the boosting angle. 

Now we consider the action of the solution on Hermitian matrices in the adjoint repre- 
sentation. This time the representations are more complicated than the previous one due to 
the presence of boost. The explicit forms are 
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(4.2) 



where q l and q 2 are the first and the second arguments of the infinite dimensional matrices. 

We evaluate the action of in the adjoint representation and it has the non-zero action 
only on the matrices Y. 
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Therefore gives nontrivial results only when it acts on Y . So we plug in the above 
expressions in the equation (|3.8|) and get the phase shift to be 
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ReW = / — Tre- sE (cosh(2so;i sinh e) + V cosh(2sc; i ) 
Jo s tti 

i 

- 2^ A 2 cosh(2scui sinh e) [J 2 cosh(s^) + 3 - A) (4.4) 

fe+i 

where A = I — k. 

The eigen values of P 2 in the adjoint representation can be obtained in a straightforward 
manner which again represents the Hamiltonian of some free particles and some harmonic 
oscillators. 

k I 

E = 2p\ cosh 2 e + 2 £(p 2 + g~ 2 ) + £ [p • + ] + 2[p 2 sinh 2 e + g 2 ] + 6 2 (4.5) 

i=2 i=fc+l 

where [p$, g^] = —iuiidij for k < i, j < I and all other commutators vanish. 
Now we calculate Tre~ sE as 



Tre~ aJi = — — — — - - (4.6) 

L Li - ■■ L p \2sJ cosh e 2 sinh(su;i sinh e) n'=fc+i 2 sinh(2sco>j) 



Substituting this expression for Trace in 3.6 we get 



UeW^-V^fl^f^-^fi (4.7) 



So the expression of the phase shift can be written as 

,. -A- i r°° ds >,2 Q/ , ^ / 



ReW = -V v Ti^ J] — 2 r -e~ b2s (A7rs) 
»=i u i Jo s 



2 



cosh(2scj 1 sinh e) + Y^i+i cosh(2scjj) — 2 1 A 2 cosh(su;i sinh e) IlL+i 2 cosh(su;j) + 3 — A 

cosh e 2 sinh(2sa;i sinh e) rii=fc+i 2 sinh(scjj) 

where V p represents the space time volume of the p-brane. 

In order to compare with the open string result it is better to consider a specific con- 
figuration. We consider a simple one - in between a 3-brane and a 1-brane. So we take 
p = 1 and q = 3. Also as in the last section the 3-brane has non-zero magnetic field along 
theX 23 plane and each of the branes has an electric field in X 1 direction. 

Then the phase shift gets reduced to 
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4^ cojJo s v ; 
^ 2 cosh(2sa;i sinh e) + 2 cosh(2sa;2) — 8 cosh(sa; 1 sinh e) cosh(sa;2) +4 (4 9) 

2 cosh e sinh(2sc<Ji sinh e)2 sinh(sc<j2) 

It is difficult to obtain the scattering phase shift between two D-brane configurations 
with electric field in their world volume from the open string calculation. The presence of 
the electric field and the velocity mixes up the coordinates and it is complicated to get a 
basis in which the energy momentum tensor can be diagonalized. But we have seen, in the 
case of the potential and also in the cases of scattering with a magnetic field, that the matrix 
model result gives the correct short distance behavior. So we can demand that the matrix 
model gives the phase shift for branes with electric fields in world volume, at least at the 
limit of infinite field strength. 

In the case of scattering of p, q-branes we can also calculate the long range potential 
from matrix model calculations. This can be obtain from ( |4.8|) by considering large b ap- 
proximation. 

tanh e nU+i j gU < ~ 2 E«j ^ _ ys(b) , . 

where aj = u>i for k + 1 < i < I and = u\ sinh e. This is the effective potential responsible 
for the scattering. In the case of two branes of same dimension it gets reduced to 

V s (b, e) = uj\ sinh 2 e tanh 2 eb q - 7 (4.11) 

In the low velocity limit the leading order term is V(b,v) = Ji^-v ■ So it reproduces 
the correct leading order behavior of the potential. For electric field becomes infinite, the 
boundary conditions becomes Dirichlet and so the potential vanishes. 

Now let us consider the specific cases: For 1-brane and 3-brane scattering case , 



tanh e (uuf sinh 2 e 



to. 



2 



V s (b,e) = "—T—TZ -l> 



-4 



iO\io\ sinh e 

arram ^Vio nnfon 

F34 



Therefore for sinhe = If 1 again the potential will vanish giving rise to BPS state. In the 



low velocity limit, V(b,v) ~ jffi^ (1 — -^fv) 2 . Similar interpretation will hold good for the 
case of 3-brane scattering with 5-brane. 
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For p = 1, q = 5 the potential that corresponds to the phase shift is given by 

tanhe 1 . . 

1/ (e, o) ~ — s — x fo>i sinn e — oo 2 + ^3) sinh e + u 2 — ^3) 

smn e 

x {u)\ sinh e — CU2 — ^3) (<^i sinh e + uj 2 + uj 3 ) x 

(4- 

So for sinhe = ±sa=sa ±^2±^l the potential will vanish. 
In the low velocity limit it becomes 

It is interesting that here the potential changes its sign twice with the increase of the velocity. 

The matrix model results, as mentioned earlier, is expected to reproduce the short dis- 
tance behavior. For these cases of bound states of D-branes this should be true at least in 
the limit of the large electromagnetic field which we have checked in the case of the potential. 
On the basis of the presence of large field we can similarly argue P|7j that the long distance 
limit should also be reproduced reliably. It will be interesting to check these scattering of 
the bound states of D-branes (with electric field) in the closed string theory. 

V. DISCUSSION 

In this paper, we have discussed the potential between D-branes with electromagnetic 
fields turned on in its world volume in the matrix model framework. This sort of configura- 
tion correspond to the stack of lower dimensional branes attached to it and thus forming a 
non-threshold bound state. Such a configuration, usually, does not saturate the BPS bound 
but we have seen that they correspond to the classical solutions of the matrix model which 
breaks half of the supersymmetry. The fact that the number of the lower dimensional branes 
is infinity makes this possible. 



The interaction of these kind of objects have been discussed in |12[ from the open string 



calculation. We have seen that our result agrees with those obtained from open string 
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calculation at the short distance limit. This is expected since the matrix model takes care 
of the massless modes of the open strings and the open strings are known to dominate the 
dynamics at the short distance limit. We have matched our result with the long distance 
limit also which is dominated by the closed strings. This is again due to the fact that the 
electromagnetic fluxes are very large. 

Apart from getting agreement with the string theory, we have also noted the similarity 
between the potential between the odd and the even dimensional branes obtained from the 
two different matrix models which is an evidence for the duality between the two matrix 
models. This is also expected since they describe the IIA and IIB theories and the dynamics 
are also of the D-particles and the D-instantons which are T-dual to each other. 

We have also calculated the scattering phase shift between branes of odd dimensions with 
electromagnetic fields. Due to the presence of the electric fields i.e the D-instantons attached 
to the branes, this type of scattering is difficult to study in the open string calculation. On 
the other hand it is easier to study it in the matrix model framework. On the basis of other 
agreements we can propose the result to be consistent with the true short distance behavior 
at the limit of large field. The long distance limit is also interesting and for a few choices of 
velocities the potential obtained from the phase shift vanishes, signaling existence of BPS 
saturation. A similar investigation in the closed string theory may be interesting. 

Finally, we have considered the trivial classical solution of the matrix model. There 
are non-trivial solutions, such as instanton solutions which correspond to other D-brane 
configurations and the the dynamics of these kind of objects can be studied in a similar 
manner. Also there are anti branes whose interaction with the branes may be studied in 
this framework. However as mentioned earlier in such a case the fermionic contribution 
should flip its sign and it is not apparent how it will come about. By using the T-duality 
argument in the matrix model one can study the interaction between the D-branes and the 
NS 5-branes of type IIB theory in away similar to that used in ||20| . Also it will be interesting 
if the pure D-brane or a D-brane with finite flux turned on can be constructed and studied 
in this matrix model framework. 
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